LANDSTAD'S CHARACTERIZATION FOR FULL 
CROSSED PRODUCTS 



S. KALISZEWSKI AND JOHN QUIGG 

Abstract. Full C*-crossed products by actions of locally com- 
pact groups are characterized via the existence of suitable maximal 
coactions, in analogy with Landstad's characterization of reduced 
crossed products. 



1. Introduction 

It (almost) goes without saying that two of the fundamental issues 
when dealing with C*-dynamical systems are: (1) When can a given 
C*-algebra be realized as a crossed product by a given group? (2) When 
is a given crossed product isomorphic to a given C*-algebra? For re- 
duced crossed products by actions of locally compact groups, Landstad 
([Hj) answered question (1) in terms of the existence of suitable reduced 
coactions. An analogous solution for crossed products by reduced coac- 
tions was given by the second author in jH]. 

Answers to question (2) can be derived from a large class of results 
which, in various situations, show that an equivariant homomorphism 
between C*-algebras is faithful if it is faithful on a certain subset of 
"fixed points" in its domain. Such results exist for actions of compact 
groups (folklore), normal coactions of locally compact groups ( [TU| , [S]), 
graph C*-algebras (gauge- invariant uniqueness theorems), and dual 
coactions on reduced crossed products (also probably folklore — see 
Theorem IP). 

In this paper we answer questions (1) and (2) for full crossed prod- 
ucts by actions of locally compact groups (Theorems 13.21 and 14.41 re- 
spectively). In each case, the answer involves the existence of a certain 
maximal coaction; this is natural, since maximal coactions are precisely 
those for which full-crossed-product duality holds. Also in each case, 
the answer is gotten by reducing to the situation of reduced crossed 
products and normal coactions. (See Section |2] for more background 
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on coactions.) Although direct proofs almost certainly exist, this gives 
quicker results because the reduced theorems (|3.1I and 14. lj) are easily 
derived from existing work (mostly of Landstad) on reduced coactions. 

In Section^ we give an application which identifies the crossed prod- 
uct A K Xp G/K of a fixed-point algebra by a quotient group with a 
corner of A x a G, for K compact. This result was motivated by our 
ongoing study of Hecke C*-algebras in terms of projections, initiated 
in @j. 

2. Preliminaries 

Throughout this paper, A and B denote C*-algebras, and G denotes 
a locally compact group. We adopt the conventions of [2j for actions 
and normal coactions, and of £Q for maximal coactions. To avoid am- 
biguity, we list here a few of our notational conventions. 

Actions. If a is an action of a locally compact group G on a C*- 
algebra A, we denote the reduced crossed product by A x ar G, the full 
crossed product by A x a G, the canonical covariant homomorphism of 
(A, G) into the multiplier algebra M. (A x a j .G) by (i r A , i G ), the canonical 
covariant homomorphism of (A, G) into M.(A x a G) by (i A , ic), and the 
regular representation by A: Ax a G —>■ Ax a ^ r G. (Note that i r A = A a oi A 
and i G = A o i G .) When there is more than one action around, we will 
write i G and i G , for example, to distinguish the associated maps. 

We identify G with its canonical image in Jid(C*(G)), and denote 
the left regular representation of G by A and the compact operators on 
L 2 (G) by K. 

Coactions. We tacitly assume all our coactions are nondegenerate. 
If 5: A — > M(A <g> C*(G)) is a coaction of G on A, we denote the 
crossed product by A x$G and the canonical covariant homomorphism 
of (A, Cq{G)) into M(A x s G) by {jA,jc)- The integrated form of the 
covariant homomorphism 

((id ® A) o 5, 1 ® M) : (A, C (G)) ^M{A®K) 

(where M is the multiplication representation of C (G) on L 2 {G)) is 
faithful. 

For every action (A, a) of G there is a dual coaction (A x a G, a) of 
G, namely the integrated form of the covariant pair 



a i — > ^(a) (g)l, a G A 
s l— * 2 G (s) (g> s, s G G. 
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There is also a coaction (A x a ^ r G,a n ) of G which is the integrated 
form of the pair 

a i — > i\{o) <8> 1, a <E A 
s i — > i r c(s) <S> X s , s G G. 

The regular representation A is equivariant with respect to a and a n . 

For every coaction (A, S) of G there is a dual action (A x$G, 5) of G, 
such that for each s G G the automorphism 5 S is the integrated form 
of the covariant pair 

a i — a G A 

/-*?(/>.(/)), /GCo(G), 

where p s (f)(t) = f(ts). 

The crossed product is functorial; in particular, for every equivariant 
homomorphism </?: (A, a) — > (B,j3) between actions there is a unique 
equivariant homomorphism pxG: (A x a G, a) — > (B Xp G, (3) making 
the diagram 

<p 

A -5 



l A 



>B 



M(Ax a G)—^M(Bx f3 G) 

commute, and for every equivariant homomorphism <p: (A, 5) — > (B, e) 
between coactions there is a unique equivariant homomorphism p x 
G: (A x s G , 5) — ► (B x e G , e) making the diagram 

A *B 



J A 



JB 



M(Ax 5 G)—?M{Bx e G) 

commute. 

For any coaction (A, 5), the canonical surjection is the map 

$ A := ((id <g> A) o 5) x (1 <g> M) ® (1 ® p) 

of A xj G XjG onto A <g> /C. 5 is maximal if $a is faithful, hence 
an isomorphism. Thus maximality means that crossed-product duality 
holds for full crossed products. 

By jU Theorem 3.3], every coaction (A, 5) has a maximalization; 
i.e., there is a maximal coaction (A m , 5 m ) and an equivariant surjection 
tf: (A m , 5 m ) -> (A, 5) such that the induced map x G: A m x S m G -> 
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A x s G is an isomorphism. Moreover, the maximalization is essen- 
tially unique in the sense that if (C, e) is another maximalization with 
equivariant surjection if, then there is an equivariant isomorphism x 
making the diagram 



{A m , 5' 




(A, 5) 



commute. We remark that the construction of the maximalization in 
PQ is not functorial — it involves a choice of a minimal projection in 
/C. Fischer (j^j) has given a functorial version, even for coactions of 
quantum groups, but we will not need this here. 

A coaction (A, S) normal if ja is faithful; equivalently, if (id ® A) o 5 
is faithful. By P3 Proposition 2.2], normality is equivalent to crossed- 
product duality holding for reduced crossed products; i.e., 5 is normal if 
and only if the canonical surjection $^4 factors through an isomorphism 
of the reduced double crossed product: 



A X* G x? G 




A®K 



Ax*G x?„ G 



By [5J Proposition 2.6], every coaction (A, 5) has a normalization, 
i.e., there is a normal coaction (A n ,5 n ) and an equivariant surjection 
ipA- (A, 5) — > (A n , 5 n ) such that the induced map ip A x G : A x s G ^ 
i Xjn G is an isomorphism. We have 

kexipA = kerj A , 

and in fact the construction in [Oj uses A n = ]a(A). 

Normalization is functorial; in particular, for every equivariant ho- 
momorphism ip: {A, 5) — > (B,e) between coactions there is a unique 
equivariant homomorphism ip n making the diagram 



(A, 5) 
(A n , 5 n ) 



(B,e) 
(B n ,e n ) 



commute, and if (p is an isomorphism then so is (p n (0 Lemma 2.1]). 
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If (B, a) is an action of G, then the coaction (B x a G, a) is maximal, 
the coaction (B x ar G, a n ) is normal, and the regular representation 

A: (B x a G,a) -> (B x a , r G,a n ) 

is both a maximalization of (Bx a ^ r G, a n ) and a normalization of (B x a 
G,a) (0 Proposition A.61], 1, Proposition 3.4]). 

3. Characterization 

We begin with a version, in modern language, of Landstad's charac- 
terization, including a version of his uniqueness clause. 

Theorem 3.1 (Landstad). Let A be a C* -algebra and let G be a locally 
compact group. There exists an action (B, G, a) and an isomorphism 
9 : A — > B x a r G if and only if there exists a normal coaction 5 of G 
on A and a strictly continuous unitary homomorphism u: G — > Ji4(A) 
such that 

5(u s ) = u s ® s for all s G G. 

Given 5 and u as above, B, a, and 9 can be chosen such that 9 is 
5 — a n equivariant and 9 o u = i^f\ moreover, if (C,G,f3) is another 
action and a : A — > C x p jT G is a 5 — (3 n equivariant isomorphism such 
thataou = Iq, then there is an isomorphism ip: (B,a) — > (C,/3) such 
that (if x r G) o 9 = a. 

Proof. We must show that what Landstad actually proved in jHj implies 
the above theorem. First of all, Landstad worked with reduced coac- 
tions, which involve the reduced group C*-algebra C*(G) rather than 
C*(G). However, as shown in 0, (nondegenerate) reduced coactions 
are in 1-1 correspondence with normal (full) coactions, with the same 
crossed products, so we can safely state Landstad's results in terms of 
normal coactions. Careful examination of Landstad's proof of |6, The- 
orem 3] shows that, given 5 and u as in our hypotheses, there exists an 
action (B, a) and an equivariant isomorphism 

9: (A, 5) ^ (B x a , r G,a n ) 

such that 9ou = i°q . Conversely, given B, a, and 9 as in our hypothe- 
ses, one can easily construct 5 and u from a n and i^f using 9. 

However, Landstad's uniqueness clause is stated differently from 
ours. Translating into our notation, his uniqueness is in the form of 
a characterization of the image of B in the multipliers of the reduced 
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crossed product. Specifically, it states that 
f B (B) = {ceM(B x^ r G) | a n (c) = c <g> 1, 

s i — > Adig' r (s)(c) is norm continuous, 

and ci% r {f),i% r (f)c G B x a , r G for all / G C C (G)}. 

It follows that 

0" 1 o i r B (B) = {a G M{A) | 5(a) = a <g> 1, 

s i— > Adw s (a) is norm continuous, 

and au(f),u(f)a G A for all / G C C (G)}. 

We must verify that this implies our uniqueness clause. Suppose we also 
have an action (C,(3) and an isomorphism a: (A, 5) ^ (C Xp :T G,(3 n ) 
such that a ou — i^f . Then we have 

a' 1 o i r c (C) = {a G M(A) | 5(a) = a <g> 1, 

s i— > Adw s (a) is norm continuous, 

and au(f),u(f)a G A for all / G C C (G).}. 

Thus 9~ l (i r B (B)) and <7 _1 (i^(C)) are the same subalgebra of M.{A), so 

</? := o a o 9~ x o 

is an isomorphism of B onto C; it follows from the definitions that 
is equivariant for the actions a and f3, and that y? x r G = a o □ 

Here is our version of Landstad's characterization for full crossed 
products: 

Theorem 3.2. Let A be a C* -algebra and let G be a locally compact 
group. There exists an action (B,G,a) and an isomorphism 9: A — > 
B x a G if and only if there exists a maximal coaction 5 of G on A and 
a strictly continuous unitary homomorphism u: G — > A4(A) such that 

S(u s ) = u s <S> s for all s G G. 

Given 5 and u as above, B, a, and 9 can be chosen such that 9 is 
5 — a equivariant and A a o 9 o u = %q ' , where A a : Bx a G^Bx a>r G 
is the regular representation; moreover, if (C, G, /3) is another action 
and a: A — > C XpG is a 5 — (3 equivariant isomorphism such that 
Apoaou = i^f, then there is an isomorphism (p : (B,a) — > (C,f3) such 
that Ap o (ip x G) o 9 = Ap o a. 

Proof For the forward implication, 8 and u are easily constructed from 
a and Vq using 9. For the reverse implication, let ip: (A, 5) — > (A n , 5 n ) 
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be the normalization. Then u 11 := ip o u : G — > M.(A n ) is a strictly 
continuous unitary homomorphism such that 

5 n ( u n s ) = < ® s, 



so by Theorem 13.11 there exists an action (B,a) and an isomorphism 
we will call# n : (A n ,8 n ) 
that 



(Bx a>r G,a n ) such that 6 n o U n = i% r . Note 



d n o^: (A,S) -> (5 x a>r 67, a") 

is maximalization of (-B x v G, o? n ). 

On the other hand, A Q : (Bx a G,a) ^ (B x ar G, o? n ) is also a max- 
imalization of (B x 0il . G, a n ). Thus, by uniqueness of maximalizations, 
there exists an isomorphism 9 making the diagram 



(AS) 

i> 

(A n , 5 n ) 



[B x a G, a) 
(B x a>r G,a n 



commute, and we have A a o 9 o u = 9 n o ip o u = 9 n o u n = %°q . 

For the uniqueness, suppose we have another action (G, G, [3) and an 
isomorphism a : (A, 5) ^ (C x^G, (3) such that A^ofjou = . Since 
the regular representation : {C Xp G, (3) — > (C x ^ r G, (3 n ) is a nor- 
malization, by functoriality of normalization we have an isomorphism 
a n making the diagram 



(A, 5) 

i> 

(A n , 5 n ) 



(Cx G,f3) 
hp 

(C Xp >r G,p n ) 



commute. Thus (with u n = ip o u as above) we have 

a n o u n = a n o ifj o u = Ap o a o u = i^f, 

so by Theorem 13.11 there is an isomorphism ip: (B,a) —* (C,f3) such 
that 



A/3 o (<p x G) o 9 = (<p x r G) o 9 n = a 11 = A/3 o a. 



□ 
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4. Fidelity 

We begin with a fidelity criterion for homomorphisms of reduced 
crossed products. This result is probably folklore; we could not find it 
in the literature, so we include a proof for completeness. 

Theorem 4.1. Let (B,a) be an action of a locally compact group G, 
and let ip: B x a ^ r G — > A be a surjective homomorphism. Then <p is an 
isomorphism if and only if ip o i r B is faithful and there exists a normal 
coaction 5 of G on A such that p> is a n — 5 equivariant. 

Proof. For the forward implication, (p o i r B is clearly faithful, and 5 is 
easily constructed from a n using <p. We adapt to our purposes a trick 
of Landstad [7] for the reverse implication. Let (tt, u) be a covariant 
homomorphism of (B,G,a) into A4(A) such that 

tt x u = p o A Q : B x a G — > A. 

Since the coaction 5 is normal, the homomorphism 

T := (id <g> A) o 5: A -> M(A ® /C) 

is faithful. Elementary computations using equivariance of 7r x u with 
respect to a and 5 show that 

r o (7r x u) = ((n x u) ® A) o q = (n <g> 1) x (n <g) A), 

which is unitarily equivalent to the homomorphism Ind tt induced from 
7r (see, e.g., Lemma A. 18]). Since 

tt — (-7T x u) o i B — <p o A a o i B — (p o i r B 

is faithful by hypothesis, Ind tt is a regular representation. Thus 

r o (tt x u) = t o p> o A a 

has the same kernel as A a , so r o is faithful, hence so is (p. 

□ 

In order to deduce an analogous fidelity result for full crossed prod- 
ucts, we will need the following lemmas: 

Lemma 4.2. Let (A, G, 5) be a coaction, with normalization 

(A,6)^(A n ,6 n ). 

Then ip is 1-1 on 

M(A) 5 := {a e M(A) \ 5(a) = a <g> 1}. 
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Proof. By [21 Proposition A. 61], we can take tp = (id <S> A) o 5, so that 
for a G M.(A) 5 we have 

ip(a) = (id ® A)(«J(o)) = (id <g> A) (a ® 1) = a <g> 1, 

which is if and only if a is. □ 

Lemma 4.3. Let (C, G, e) and (A, G, 5) be maximal coactions, and let 

(C, e) (A, 6) 

be a surjective equivariant homomorphism. If the normalization (p n is 
an isomorphism, then so is if. 

Proof. By |TJ Lemma 2.1], we have a commutative diagram of normal- 
izations 



C 

c 



A 
A n . 



Applying functoriality of crossed products, we get a commutative dia- 
gram 



cx e G>, a 

C H X e n G X 



ipxGxG 



G 



<f n xGxG 



A®K, 
AxjGxjG 

)/>axGxG 



A n x 5 n G x Tn G, 



where the lower two vertical arrows are isomorphisms by definition of 
normalization, and the upper two vertical arrows (the canonical surjec- 
tions) are isomorphisms because e and 5 are maximal. Assuming that 
ip n (and hence (p n x G x G) is an isomorphism, it follows that <p <g> id is 
an isomorphism, and therefore so is (p. □ 

Corollary 4.4. Let (B, a) be an action of a locally compact group G, 
and let (p: B x a G — > A be a surjective homomorphism. Then (p is an 
isomorphism if and only if tp o i B is faithful and there exists a maximal 
coaction 5 of G on A such that <p is a — 5 equivariant. 

Proof. The forward implication is straightforward. For the reverse im- 
plication, by [U Lemma 2.1], the equivariant homomorphism (p fits into 
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a commutative diagram 

(B x a G,a) — (A, 6) 



(Bx a , r G,a n )—^(A n ,5 n ), 

where the vertical arrows are normalizations. It is easily verified that 
(p o ib(B) C A4(A) s , so ip is 1-1 on the range of p> o by Lemma f4. 21 
Since <p oi B is faithful, so is 

ip n oi r B = ip n o A a o i B = ip o tp o i B . 

Thus Theorem 14.11 tells us that is an isomorphism, and it follows 
from Lemma [4.31 that (p is also an isomorphism. □ 

5. Application 

We apply Corollary 14.41 to the following situation: let a be an action 
of G on A, and let K be a compact normal subgroup of G. Normalize 
the Haar measure on G so that K has measure 1, making the character- 
istic function Xk a projection in C*(G). Let A K denote the fixed-point 
subalgebra of A under K. Then the action of G leaves A K invariant, 
so there is a unique action (3 of G/K on A K such that (3 s k{o) — ct s (a) 
for all a G A K . Let p = ig(X-k), which is a projection in M(A x a G) 
which commutes with (Recall that {iai^g) denotes the canon- 

ical covariant homomorphism of (A,G,a) into Ai(A x a G).) Routine 
calculations show that the maps 

a : A K —>■ A x a G r: G/K —> M(A x a G) 

a (a) = i A (a)p t(sK) = i G {s)p 

give a covariant homomorphism (a, r) of (A , G/K, (3) to Ai(A x a G). 
Moreover, the integrated form 6 := a x r is a surjection of A K x^G/K 
onto p(A x a G)p. 

Corollary 5.1. With the above hypotheses and notation, the map 
6: A K XpG/K ^p(A x a G)p 

is an isomorphism. 

Proof. It remains to show that 9 is injective, and to do this we aim to 
apply Corollary 14. 41 The dual coaction a oi G on Ax a G is maximal by 
[TJ Proposition 3.4]. Moreover, a restricts to a coaction a\ := (id®g)oS 
of G/K on A x a G (where q: C*{G) ->• C*{G/K) denotes the quotient 
homomorphism), and by Corollary 7.2] this coaction is also maximal. 
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The projection p is invariant under the coaction a, hence under a|, 
so by the elementary lemma below the restriction 5 of a\ to the corner 
p(A x a G)p is a maximal coaction. Routine calculations verify that 
5 o 9 = {0 <g) id) o (3, so 9 is (3 — 5 equivariant. 9 o i B = a is evidently 
injective, so 9 is injective by Corollary 14.41 □ 

Lemma 5.2. Let 5 be a maximal coaction of G on A, and let p be an 

invariant projection in Ai(A). Then e: = 5\ p a p is a maximal coaction 
of G on the corner pAp. 

Proof. Let B := pAp. Routine calculations show that e is a coaction 
of G on B. For maximality, as in the proof of jTJ Proposition 3.5], the 
canonical surjection <3># : Bx t Gx^G^B®K, can be identified with 
a restriction of $a> and therefore $b is injective because $a is. □ 
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